confident about their ability to do mathematics. Further research on adults born in 1970 shows that their self-esteem and self-confidence at 10 was as important as their academic ability in predicting later achievement.
So your job as teachers is a crucial one: as Polya said, you have a choice between killing your pupils' interest and giving them a taste for independent thinking. I hope by the end of today that you will have some ideas about answering these questions: Research on adults born in 1970 shows that their self-esteem and self-confidence at 10 was as important as their academic ability in predicting later achievement.
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to develop mathematical thinking may be suggested to you. But your behaviour as a teacher is also crucial. What kind of questions will you ask? Which of your pupils' questions will you refuse to answer? How much guidance do you give your pupils?
I remember David Fielker, a previous editor of MT, being asked how he taught his pupils to be good problem-solvers. He replied, 'I give them a problem and I don't tell them how to solve it. ' What about the first question? If you do not know what mathematical thinking is, how will you know whether or not your pupils are doing it?! To help us think about this question I am going to ask you to do a mathematical task and while you are doing it to pay attention to any thinking you are doing that may be mathematical thinking. Is it possible to make a model of area 26 with your eight cubes?
Further discussion ensued. I think I have convinced myself that you cannot make such a model. If you start with the two-bytwo-by-two cube, with surface area 24, and remove any of the cubes it is easy to see that if you put it back anywhere else the surface area jumps to 28. But can I be sure that this argument is sufficient? When I first worked on this problem with a class some years ago I had assumed that you must be able to get all the even numbers between the minimum and maximum values for surface area, and I thought one particular girl was just being a bit lazy when she submitted her report about models made from eight cubes, with illustrations of all the different surface areas except 26. I know better now! These are the questions I asked my class to consider:
Consider any number of cubes joined face to face.
What is the maximum surface area possible? What is the minimum surface area possible? What surface areas between the maximum and minimum are possible?
What I like about this task is that the first question is easy -most students can offer an explanation of the result -while the second question is much harder, and I do not know the answer to the third question. And yet all three questions are easy to understand and do not require a high level of mathematical knowledge and skills; what they do demand is a high level of mathematical thinking. This is my most recent attempt to summarise my ideas about mathematical thinking. The bubbles, all of which I haven't yet managed to fill, describe what you do when you are engaged in a mathematical task: the thinking probably happens as you move along the links between the bubbles.
You should have four cubes. I am going to assume that these cubes have unit length edges, so that the surface area of one face is 1 square unit and the total surface area of one cube is 6 square units. Now join two of your cubes together, face to face. What is the surface area of the shape you have made?
There are several different ways of seeing that this surface area is 10. You can count every square face you can see. You can notice that you have four identical faces of area 2 and two of area 1. Or you can argue that two cubes have a total surface area of 12 but that two faces, each of area 1, have been 'lost' when the cubes were joined together. I can well believe that there are other ways of seeing that the surface area is 10, which I have not thought of. Now fit all four of your cubes together, joining them all face to face. How many different surface areas can you find?
If you do not know what mathematical thinking is, how will you know whether or not your pupils are doing it?!
General questions and prompts
What follows is a summary from Anne Watson and John Mason's book on mathematical thinking [1] .
The words at the top of each box are the words the authors have chosen to describe mathematical thinking and underneath they have listed questions that the teacher might ask to encourage pupils to think in this way. What is really useful about this book is that the authors give lots of examples to illustrate what they mean by these questions.
Postscript
The feedback sheets from the delegates indicated that they felt the day had helped them to begin to answer each of the original questions. These are some of their comments on the various workshops they attended. G Certainly made me think! G Has changed my thinking about examples. The idea of using the particular to get to the general was inspiring. G I always knew my art skills were poor -now I can add mental imagery to the list! G Made me stop and think about what pupils get from the diet I give in terms of their thinking, rather than just their ability to pass exams. G The day was brilliant. As well as all the useful and interesting ideas it was great for me at the end of my PGCE to meet a range of teachers still enthusiastic about teaching and maths. G Challenging ideas, difficult problems. Good material to use with students. G Excellent -inspiring -will I have the guts to go for teaching maths without a text book in my first teaching post? 
